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Abstract—A spatial correlation method is formulated for linear dynamical problems in con-
tinuum mechanics with random boundary data. The essential feature of the method is the
formulation of a nonstochastic mixed initial-boundary value problem for the (matrix) spatial
correlation function of the (vector) state variable. Whenever the Green’s function of the
(stochastic) problem can not be obtained in terms of known functions, a numerical solution
of the meansquare response and other second order response statistics by the spatial correlation
method is several hundred folds more efficient than any other available method. Further
improvements in the computational efficiency of the method for a steady state stationary
response process are also noted.

1. INTRODUCTION

Linear dynamical problems of continuous media are usually formulated as initial-boundary
value problems (IBVP) for linear partial differential equations. We are interested here in
the solution of such problems when the distributed loading as well as the prescribed initial
and boundary data are random functions of position and time with known statistics. A
solution in that case consists of obtaining the joint moment functions (or joint probability
density functions) of all orders of the state variable(s). In practice, one very often settles
for the relevant first and second order statistics.

Conventional methods (based on the L, calculus) for computing these statistics may be
divided into two distinct groups. The first group seeks the formal solution of the stochastic
IBVP in terms of the random loadings and auxiliary data (e.g. the Green’s function repre-
sentation in the time or frequency domain), and then use it to get, by appropriate ensemble
averaging, the response statistics in terms of the known load statistics. A discussion of
this group of methods, collectively called the Green’s function method here, can be found
in [1, 2] and references therein. The essential feature of the second group of methods,
collectively called the direct method here, is the formulation of nonstochastic IBVP for the
desired statistics themselves. These nonstochastic IBYP are then solved by conventional
methods of applied mathematics. Discussion of this second approach may be found in
{1, 3, 4] and references therein. Whenever the Green’s function of the original (stochastic)
IBVP can be found in terms of known functions, there is no essential difference between
these two approaches in the level of computation involved.

t The research for this paper was supported by the Army Research Office—Durham and the Army
Materials and Mechanics Research Center (AMMRC) at Watertown, Mass. The author gratefully acknowl-
edges the use of the facilities of the Division of Engineering and Applied Science of the California Institute
of Technology for the preparation of the paper while he was a Visiting Associate.
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In this paper, we are concerned with problems for which the relevant Green's function
can not be found in terms of elementary or special functions. One example of such problems
is the forced transverse random vibration of flexible lifting rotor blades in forward flight.
The transverse displacement of the blade normalized by the blade length is governed by
the dimensionless PDE

U We = 31 = X7y + [ + o pr cos t]x + psin £ Jw,

+ B+ yolx+usint|w +w,=g(x,1) (O<x<lLt>0 (LD

where t and x are the dimensionless time and distance from the blade root, {, y,, u and 8
are known constants and where g(x, t) is a random process with known statistics. The
statistics of complex random response processes such as the blade response w(x, ), can
only be obtained by some numerical method. For such complex processes, the direct
approach seems preferable since it is difficult to obtain accurate numerical solutions of
Green’s functions in the physical space, not to mention the amount of machine computation
involved. However, except for special cases, the available direct methods for second and
higher order statistics also require an unrealistic amount of machine calculation and are
thus also impractical.

To bring out the computational efficiency (in connection with a numerical solution)
inherent in the direct approach not realized previously, a new method, effective and practical
for a much wider class of problems which includes the rotor blade problem, was developed
recently in[4, 5]. For simplicity, this *“spatial correction method™ was formulated there
for problems with homogeneous initial and boundary conditions. In principle, problems
with inhomogeneous auxiliary conditions can be transformed into one with homogeneous
auxiliary conditions. For example, the problem

Uy = Uyy O<x<1,t>0) (1.2)

with
u(x,0) =0 (0<x< (1.3)
10,5 =0, u (1, 1) = f(1) (t>0) (1.4

can be transformed into a problem with vanishing auxiliary conditions by setting v(x, 1) =
u{x, 1) — xf(1). In terms of v(x, 1), we have

vy = U — X O<x<,t>0) (1.5)
with (taking f(0) = 0)
vx, =00, =0r1,1)=0. (1.6)

Even in cases where f(f) is a known function, the conversion is possible only if fis differ-
entiable. For a random function f(¢) with only a few sample histories, it seems even more
desirable to work directly with the original problem (1.2)-(1.4).

In this paper, a spatial correlation method will be formulated for problems with random
boundary data. More specifically, we will formulate a numerically efficient solution scheme
for the second order statistics of the solution of the IBVP

u, =L [u) (xeV,t>0) (1.7
with
u(x,0)=0 (xe V) (1.8)

Blul=f(x, 1) (xe S, t>0). (1.9
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Here, u is a vector function defined in some volume V' bounded by some surface(s) S} (with
V being the union of V" and S) and all time ¢t > 0. L and B are matrix linear partial differen-
tial operators involving only spatial derivatives, though the known coefficients of these
operators may be continuous functions of both x and ¢. For example, by setting u; = w
and u, = w,, equation (1.1} can be written in the form (1.7) with coefficients of L being
continuous functions of both x and t.

Upon ensemble averaging both sides of (1.7)-(1.9), we find that the expected value of the
response # is determined by the original IBVP with f(x, ¢) in (1.9) replaced by its expected
value. In view of the linearity of the problem, we will henceforth take f(x, 1) to be of zero
mean so that u is also of zero mean. We can therefore concentrate on the second order
statistics of u characterized by its autocorrelation matrix.

While the method to be developed herein is very much akin to that described in[4, 5]
for random forcing distributed throughout ¥ (henceforth called distributed loading), there
are enough distinct features in the analysis and results to deserve a separate treatment, at
least up to the point when further development becomes almost a repetition of [5]. Just
as in [5], our method is mainly for problems which can not be solved by known functions,
i.e. the Green’s function of (1.7)-(1.9) can not be found in terms of elementary or special
functions. To obtain the steady state meansquare response by numerical integration via our
spatial correlation method is known to be several hundred folds more efficient than any
other available method(6, 7].

2. TEMPORALLY UNCORRELATED RANDOM BOUNDARY VALUES

Guided by the results of [4, 5], we consider in this section the class of linear dynamical
problems, (1.7)-(1.9), with temporally uncorrelated random boundary data. More speci-
fically, the vector random function f(x, t) in (1.9) is to be of zero mean and with an auto-
correlation function

DTy, 1)) = Rs(x, y, D3t - 1) (x, y€8) (2.1

where ( )T is the transpose of (), (t) is the Dirac delta function, and RS(y, x, t) =
Ry(x, y, t). We begin by formulating an IBVP (initial-boundary value problem) for the
spatial correlation matrix U(x, y, t) of the unknown vector random function u(x, 1),

Ulx, y, t) = {u(x, Du'(y, . 2.2)

Evidently, U is defined in the product space ¥ x ¥V x (0, o). The solution of this problem
will then be used as the initial condition for another IBVP which determines the auto-
correlation matrix R(x, t; y, 1) = <u(x, Hu’(y, 1)). The latter completely characterizes the
second order statistics of u(x, 1).

2.1 The spatial correlation matrix

To get a partial differential equation for the spatial correlation matrix U, we ensemble
average the identity [u(x, ))u’(p, )], = u,x, DuT(y, 1) + u(x, Hu,"(y, 1) after we use equation
(1.7) to eliminate u, and u,7. The result is

+ For a multiply connected ¥, equation (1.9) denotes the collection {B,{u] = filx, 1), (x€ S,, t > O)}.

I In contrast, the formulation of a spatial correlation method for a problem with no distributed loading
and homogeneous boundary conditions but with random initial data of known statistics involves no addi-
tional novel feature and therefore will not be reported.
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U, = LUl + (L,[UTDT (2.3)

where the subscripts x and y indicate that we are working in the x, +~ and y, t-space,
respectively. This equation is supplemented by the initial condition

U(x, y,0) =0, (2.4

which follows from (1.8), and by the boundary conditions
B [Ul=F(x,y,8) (x,y)e(SxV) (2.5)
B[U™ = F(y, x, 1) (x, eV x9), (2.6)

which follow from (1.9) with F(x, y, ) = {f(x, DuT(y, 1)).
For a temporally uncorrelated f(x, t), we get from (2.1) and the Green’s function repre-
sentation of the solution of (1.7)-(1.9),

u(y, 0= [ [ G tly', OOy, ) d dy 27)

the relation

t
Fx,p,0 = [ [ Retx, ', 0) 800 = )67y, 1]y, 1) dt dyf

=1 L R(x, v, DGT(y, t]y', 1y dy’. (2.8)

Since G(y, t|y’, 1) = I6(y — y’) (see Appendix of [5]), we have

0 yéS

JRy(x,y.1)  yeS’ (29)

Fx, y, 1) = {

With (2.9), the IBVP (2.3)~(2.6) completely determines U(x, y, t) and can be solved,
exactly or approximately, by known methods of applied mathematics. In particular, a
numerical solution can always be obtained in a straightforward manner whenever the
Green’s function of the problem (1.7)-(1.9) can not be obtained in terms of known function.
A numerical solution of the meansquare properties of the response, contained in the
covariance matrix U(x, x, t), by way of (2.3)-(2.6) is several hundred folds more efficient
than any other available method (see[7] for a more detailed discussion on this point). This
computational efficiency constitutes the raison d’étre for the development of the spatial
correlation method.

Finally, we note that the inhomogeneous term F(x, y, t) for temporally uncorrelated
boundary data is always a discontinuous function even when Rg(x, y, t) is continuous. This
is in contrast to the case of uncorrelated distributed loading where the IBVP for U(x, y, t)
involves only continuous inhomogeneous terms if Rg(x, y, t) is continuous.

2.2 The autocorrelation matrix

To formulate an IBVP for the autocorrelation matrix R(x, t; y, 1), we post-multiply
(1.7)1.9) by u"(y, t) and ensemble average to get

R, —L_[R]=0 (2.10)
R(x,0;y,7)=0 (2.1
B[R] = {f(x, 0u"(y, D)) = C(x, t; y, 7) (2.12)
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where the subscripts of L and B are to indicate that we are working in the x, t-space with
y and 7 as parameters. We can of course formulate another IBVP for the unknown cross-
correlation matrix C(x, t; y, ©) by post-multiplying (1.7)-(1.9) by f*(y, 1) and ensemble
averaging the resulting equations. Upon interchanging the roles of (x, ) and (y, 1), we get

CT—L,[CT]=0 (2.13)
Clx,t;y,0)=0 (2.14)
B, [CT] = {f(y, 0 fT(x, ). (2.15)

Since the right side of (2.15) is known, we may first solve (2.13)-(2.15) for C(x, t; », 7} in
the y, t-space with x and ¢ as parameters and then use the result in (2.12) for the determina-
tion of R. While this procedure (equivalent to the autocorrelation method for distributed
loading described in[3, 4, 5]) is straightforward in principle, it is impractical whenever a
solution by numerical integration is necessary. For a fixed pair of (y,, 7o), we must solve
the problem (2.13)~(2.15) once numerically (for all 7 < 7,) for every t, used in a step-by-
step integration scheme for the determination of R.

To formulate a more efficient procedure for the numerical solution of R, we note that,
for a temporally uncorrelated f(x, f}, we have from the Green's function representation (2.7)

Cx, t;y,1) = !<f (x, T, TG (y, Ty, v) de' dy’
SYo0

= H(z — 1) fSRS(x, ¥, DGT(p, T|y', 1) dy’ (2.16)
where H{t) is the unit step function. So, if (2.10) is solved for t > 7 only, i.e.
R,—L[R]=0 (t>1), .17
we have, instead of (2.12), the homogeneous boundary condition
B[R] =0 (x, N e(SxV),(>n1), (2.18)
But now as the initial condition, we have, instead of (2.11), the inhomogeneous condition
Rix,t;y, )= Ulx, y,7) 219

which follows from the definition of the two quantities involved and the continuity of R
across ¢ = 1. But U(x, y, 1) has already been obtained in section(2.1); equations (2.17)}-(2.19)
therefore define an IBVP for R. Once we have R(x, t; y, 1) for t > 1, we can obtain R for
t < 1 from the symmetry condition

R(x, t; y,1) = R7(y, 1; x, 1). (2.20)

2.3 Heat flow in a rod with temporally uncorrelated end flow rate

In the development of section (2.1), we have tacitly avoided problems which are one
dimensional in the spatial variable. While our method goes through even for this omitted
case, a special feature of the IBVP for the spatial correlation U(x, y, t) should be pointed
out. We will do this here by way of the scalar heat flow problem, (1.2)-(1.4), for a zero mean,
temporally uncorrelated f(r) with

SFOf()) = q(1)o(t — ). (2.21)
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Upon specializing (2.3)~(2.6) (which hold also for one dimensional problems) to the heat
flow problem, we have

U=Uys+U, (O<xy<l,t>0) (2.22)

Ulx,y,00=0 (O0<x,y<1) (2.23)
U, y,) =0  UJl,y,)=Fuy,t) ((0<y<l,t>0) (2.24)
Ux,0,0) =0, Ufx,1,0)=F(x,1) (0<x<1,1>0) (2.25)

where F(z, 1) = (f(tu(z, t)). From the Green’s function representation of the solution
of (1.2)~(1.4),

ulx, t) = fG(x, t 1, ) () dr (2.26)
0
we get

Pz, 1) = [ 6Lz, {1 O OF0) &

= 1G(z, 1[1, )q(1) = 36(z — Dg(¥). (2.27)

With (2.27), equations (2.22)—(2.25) define an IBVP which is the same as the problem of
temperature distribution in a unit square plate with a hot spot at one of its corners. While
the solution of this problem is straightforward, the inhomogeneous terms in the IBVP for
U are not ordinary functions, in contrast to the higher dimensional case discussed in
section (2.1).

For the special case q(1) = ¢, (a constant), the steady state response of (1.2)-(1.4) is
known to be a stationary process. Within the framework of our spatial correlation method,
this is reflected in the fact that the steady state solution U of (2.22)-(2.25) is independent of
t and may be obtained by solving the boundary value problem (BVP)

U+ 0,,=0 (0<x,y<]) (2.28)
with
U(O: Y) = O’ 0x(1’ y) = %qO 5(}) - 1)
O0(x,00=0, Uyx,1)=14g0(x — ).

A solution of (2.28)—(2.29) by separation of variables is immediate. We omit the routine
calculations and give here only the final result

(2.29)

Ox,y)= Y =" [sinh(4, x)sin(4, y) + sinh(4, y)sin(}, x)] (2.30)
n=0 A, COSh 4,
where 4, = $(2n + 1)r. The steady state meansquare temperature is then obtained by setting
y = x in (2.30). The single series (2.30) for U(x, y) by our spatial correlation method seems
less cumbersome than the double Fourier series solution obtained by a more conventional
Green’s function method with the Green’s function expressed in terms of the relevant
normal modes[1].

For a more complex dynamical process which is stationary in its steady state and for
which a numerical solution of the steady state spatial correlation is necessary, it is much
simpler (and less expensive) to obtain this steady state solution by way of a BVP instead of
the corresponding IBVP (see[6] for a discussion on this point).
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3. SHAPED FILTERED SHOT NOISE DATA

As a step toward removing the restriction of temporally uncorrelated data, we consider
in this section the class of boundary data with a random part independent of x. That is, we
have f(x, t) = E(x, t)n(t) where E(x, t) is a known envelope (matrix) function and n(?) is a
zero mean random function. Furthermore, we assume that n(t) has the same first and second
order statistics as the steady state response of some linear dynamical system characterized
by the vector equation

n, = A(f)n + D(H)w(f) 3.1)

where A4 and D are known matrix functions of ¢t and w(f) is a zero mean vector random
process with

wOw' (1)) = Q(U)é(t — 1), (3.2)

Q being a symmetric positive semi-definite matrix. The relation (3.2) implicitly assumes
that a component of #(t) is the response to shot noise of a filter of order not higher than the
dimension of n(t) itself. If this is not true, then w(¢), instead of being uncorrelated, should
itself be taken as the response to shot noise of yet another linear dynamical system of order
not higher than the dimension of w, and so on. We will consider in what follows only the
case where a single equation of the form (3.1) suffices since no new element is introduced to
our method of solution by additional equations of the form (3.1).

Since n(t) is not itself delta correlated, an important relation analogous to (2.9) is no
longer available. We must now devise a new method to obtain the unknown F(x, y, t) in
(2.5) and (2.6) to complete the formulation of the IBVP for the determination of the spatial
correlation matrix.

Similarly, the cross-correlation C(t; y, 1) = {n()u(y, 1)) does not vanish for ¢t > 7 in
the case of a correlated n(f). The procedure of section (2.2) for the determination of the auto-
correlation matrix must also be modified.

3.1 The spatial correlation matrix

The solution of (3.1) can be expressed in terms of the associated fundamental (or impulse
response) matrix A(t, z):

n(t) = | " (1, 2)DE@w() dz. (3.3)
From (3.3) follows the relation
{n(wT(1)> = H(t — tHh(t, ) D(1) Q1) (3.4)
which in turn implies (with the help of (2.7))
wu'(x, 1)) = Culx, HwT()> =0. (3.5)

Now we form the ensemble average of the identity [u(x, t)n”(t)], = u,n" + un,T after
using (1.7) and (3.1) to eliminate u, and n,”. With N(x, 1) = {u(x, HaT(t)>, we get

N, =L[N]+NAT (xeV,t>0) (3.6)

where use has been made of (3.5). Equation (3.6) is supplemented by the initial condition

N(x,0)=0 (xeV) 3.7
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and the boundary condition
B.[N]= E(x, ){n(t)n" (1)) = E(x, HZ(1), (xe8) (3.8)

which follow from (1.8) and (1.9), respectively. Equations (3.6)-(3.8) completely determine
N(x, 1).

Having obtained N(x,t), we then use (2.3)-(2.6) to determine U(x,y,t), where
F(x, y, t) = E(x, t)N (y, t) which does not vanish for y € V', in contrast to (2.4) for temporally
uncorrelated data.

3.2 The autocorrelation matrix

For boundary data which are shaped filtered shot noise, the autocorrelation matrix of u
still satisfies equations (2.17) and (2.19). But equation (2.18) is replaced by

B [R(x, t; y, D] = E(x, )C(1; y, 1), (x,y)e(Sx V) (3.9)

where C(¢t; y, ©) = <{n(H)u(y, 1))>. The right hand side of (3.9) does not vanish for ¢ > 7 since
n(t) is no longer uncorrelated.
To determine C(t; y, t), we simply multiply (3.1) by «#”(y, ) and ensemble average to get

C,=ANC (yeV,t>1) (3.10)

where use has been made of the fact that, for t > 1,

GOy 9> = [ [ onT@)ET, 6ty ) dedy (B

vanishes in view of (3.4). The ordinary differential equation (3.10) is supplemented by the
initial condition

C(t; 5, 7) = Ny, 1) (3.12)

which follows from the definition of the two quantities involved. Since N(y, 1) has already
been determined by (3.6)-(3.8), equations (3.10) and (3.12) define C(t; y, 7) for t > 7 and
y € V. With this result, equations (2.17), (2.19) and (3.9) now determing R(x, ¢; y, 7).

From the point of view of a numerical solution for R(x, t; y, 1), the procedure outlined
above is much more efficient than the autocorrelation method described in section (2.2)
since it takes advantage of the fact that »(z) is a shaped filtered shot noise process. In
particular, the determination of the cross-correlation C involves only the solution of an
IVP in ODE and consumes only a tiny fraction of the computing time required by the
corresponding step in the autocorrelation method.

3.3 Steady state meansquare temperature distribution in a rod with an exponentially
correlated end flow rate
We now apply the results of section (3.1) to the one dimensional heat flow problem
(1.2)-(1.4) with a zero mean, exponentially correlated f(1),

@)Y =ogge™ 71, (3.13)

where « > 0 and 6, > 0 are positive constants. In the process of obtaining the steady state
meansquare temperature distribution of the rod, we will bring out some additional features
of our method.
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For the purpose of obtaining the second order statistics of u, we may think of f(¥) as the
steady state (stationary) output of a dynamical system characterized by the ordinary
differential equation

fo+of =/ @ow(n) (3.14)

where w(f) is a zero mean, ideal white noise process with {w(f)w(t)> = o, (¢t — 7). We can
show by way of the representation

f®=/Q9) j ' 3 e~ Dy(z) dz (3.15)
that the autocorrelation of f is given by (3.13) and that
{fw)y = H(t - 1)/ Qajoge™*¢ 79 (3.16)
For the present problem f(t) = n(t) and (3.6)~(3.8) become
F,~F  +aF =0 (3.17)
F(x,00=0, F@O,0)=0, FJl,0)=o0,. (3.18)

The solution of (3.17) and {(3.18) is to be used in {2.24) and (2.25) which, together with
(2.22) and (2.23), completely specify Ulx, y, 9.

However, for the purpose of getting the steady state meansquare (stationary) response, we
note that the steady state solution F of (3.17) and (3.18) is independent of ¢ and can be
obtained from the two point BVP

F. ~aF =0, F(0) =0, F.(1)=o0,. (3.19)
The solution of this steady state version of {3.17) and (3.18) is

_ g sinh \/ {orx)

F(x) = —. (3.20)
\/ o cosh /a
This solution is then used in the steady state version of (2.22)-(2.25),
U,+U,=0 (3.21)
with
U0,y)=0, UJlLyn=Fp (©O<y<i (3.22)
U(x,0) =0, Ufx, D=F(x) (©0O<x<1) (3.23)

to determine the steady state spatial correlation function.
The solution of the above BVP by separation of variables is

. © (— 1)"
=2
U(x, y) = 20, ,.5;:0 (4,2 + a)A, cosh 4,

[sinh(A4, x)sin(4, ¥) + sinh(4, y)sin(1,x)] (3.24)

where A, =4(2n + )n. With o4 = /2, we see that this solution reduces to the solution
{2.30) for a white noise f(f) as o« — o0. It is also not difficult to verify that the series (3.24)
tends to the series representation of o4 xy (as it should) as o — 0. Thus, the meansquare
temperature distribution is nearly parabolic in x for « < 1. For moderate values of «, the
series (3.24) converges so rapidly that U may be approximated by the first term of the series.
Again, this single series is less cumbersome than the double Fourier series solution by the
conventional Green’s function method.
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For a more complex response process which is stationary in its steady state, the fact that
we may get its steady state spatial correlation by solving two BVP numerically (instead of
two IBVP) constitutes an additional improvement in computational efficiency of the
spatial correlation method.

4, GENERAL BOUNDARY DATA

The step from the results of section 3 to an efficient numerical solution scheme for more
general space-time random boundary data is essentially parallel to that for random distri-
buted loading described inf{5]. No new element appears in the analysis for prescribed
random boundary values. Therefore, we will not report the details here but merely refer
readers to[5].

5. CONCLUDING REMARKS

While we have demonstrated in sections 2.3 and 3.3 (as well as in[4] and[5}) the sim-
plicity of the spatial correlation method for simple problems, the usefulness of the method
still lies in its effectiveness for more complex dynamic processes such as the forced random
vibration of flexible lifting rotor blades for which conventional methods are either inapplic-
able or impractical. For these more complex processes, a numerical solution of the mean-
square response by the spatial correlation method requires only a tiny fraction of the com-
puting time needed by other available methods such as the autocorrelation method described
in section (2.2) and in[3-5]. More specific data on the reduction of computing time for the
case of distributed loading can be found in[6, 7].
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[FEN S

AGcrpakt — B 061acTH MEXaHMKH CIUTOLIHOM Cpeabl CO CIy4alHBIMH FPAHHYHBIMY JaHHBIMH
naercsi QOpMYITHPOBKA MPOCTPAHCTBEHHOIO KOPPETSIIIMOHHOTO METONa A JTHHEHHBIX, AHHA~
MHYECKHX 320284, BeCbMa BAXKHBIM MPHIHAKOM METOHA #BaaeTcH GOPMYITHPOBKA HECTOXACTH-
4eckol, cMmeranHON, HAYalbHO-KPaeBol 3a/a4y Ui IPENNOKEeHHOM B BHAE MATpHLB NIpo-
CTPaHCTBEHHON QYHKLMM KOPPEIALMHE BEKTOPA NapaMeTPa CoCTOAHMA. B 3THX clly4asx, Koraa
O CTOXaCTHYECKOM 3ajauM He rnoaydaercs dyHkuus ['pUHA B BHIE M3BeCTHBIX (YHKLHH,
HECKOJIBKO CTOKpaT Goyiee MOJE3HBIM METOIOM, IO CPaBHEHHIO ¢ APYTMMM, JOCTYITHBIMH
METOLAMH, OKQ3bIBACTCH YHCIEHHOE peLICHHe CPeIHEKBAIPATHYECKOTO ITOBEAEHUS H APYroro
HOBEACHHA BTOPOrO MOpANKA HJIA COBOKYIHOCTH CTAaTHCTHYECKMX Pe3yNbTATOB, HA OCHOBE
KOppensuMoHEOro Merona. O0paumaeTcs, TAKKe BHHMAHNE Ha JOMOIHATENBHBIE YCOBEPIICH-
creopanus kodbduuuenra 3PGEKTHBHOCTH BLIYUCIHTENBHOK TEXHMKH B DpOLECCe paciyeTa
CTAUHOHAPHOTO MOBCICHUA, HA OCHOBE NPCANIONKEHHOTO METO4A.



